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FLAT FRONTS IN HYPERBOLIC 3-SPACE
AND THEIR CAUSTICS
M. KOKUBU, W. ROSSMAN, M. UMEHARA, AND K. YAMADA
Dedicated to Professor Mitsuhiro Itoh on the occasion of his sixtieth birthday
Abstract. After Ga´lvez, Mart´ınez and Mila´n discovered a (Weierstrass-type)
holomorphic representation formula for flat surfaces in hyperbolic 3-space H3,
the first, third and fourth authors here gave a framework for complete flat
fronts with singularities in H3. In the present work we broaden the notion of
completeness to weak completeness, and of front to p-front. As a front is a
p-front and completeness implies weak completeness, the new framework and
results here apply to a more general class of flat surfaces.
This more general class contains the caustics of flat fronts — shown also to
be flat by Roitman (who gave a holomorphic representation formula for them)
— which are an important class of surfaces and are generally not complete
but only weakly complete. Furthermore, although flat fronts have globally
defined normals, caustics might not, making them flat fronts only locally, and
hence only p-fronts. Using the new framework, we obtain characterizations for
caustics.
1. Introduction
For an arbitrary Riemannian 3-manifold N3, a C∞-map
f : M2 −→ N3
from a 2-manifold M2 is a (wave) front if f lifts to a smooth immersed section
Lf : M
2 −→ T1N3(≈ T ∗1N3)
of the unit tangent vector bundle T1N
3 such that df(X) is perpendicular to Lf(p)
for all X ∈ TpM2 and p ∈ M2. Fronts generalize immersions, as they allow for
singularities. The lift Lf can be viewed as a globally defined unit normal vector field
of f . However, global definedness of Lf can be a stronger condition than desired.
Sometimes p-fronts are more appropriate: The map f is called a p-front if for each
p ∈ M2, there is a neighborhood U of p such that the restriction f |U is a front.
The projectified cotangent bundle P (T ∗N3) has a canonical contact structure, and
a p-front can be considered as the projection of a Legendrian immersion of M2
into P (T ∗N3). A p-front f is a front if and only if there exists a globally defined
unit normal vector field, in which case we say f is co-orientable. Otherwise, f is
non-co-orientable.
For example, Figure 1 (a) is a plane curve front with a globally defined unit
normal vector field. On the other hand, Figure 1 (b) is the limac¸on, whose unit
normal vector field is not single-valued on the curve. Rotating the first curve about
its central vertical axis gives a surface like a “flying saucer”, which is a front in
Euclidean space R3. If we rotate the limac¸on about an axis disjoint from it, we get
a torus with one cuspidal edge, which is a non-co-orientable p-front.
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Figure 1. A flying saucer front and toroidal p-front.
Now let N3 be the hyperbolic 3-space H3 of constant curvature −1, and
f : M2 −→ H3(⊂ L4)
a front with a unit normal vector field ν : M2 → S31 , where S31 denotes the de Sitter
space in the Minkowski 4-space L4. Then for each real number t
ft = (cosh t)f + (sinh t)ν
νt = (cosh t)ν + (sinh t)f
(1.1)
gives a new front called a parallel front of f . If f is a flat surface, then the parallel
surfaces ft are flat as well (basic properties of flat surfaces in H
3 are in [GMM],
[KUY1], [KUY2]). So we say that f is a flat front if for each p ∈ M2, there exist
a real number t ∈ R and a neighborhood U of p so that the restriction ft|U is an
immersion with vanishing Gaussian curvature. Hence each parallel front ft of f is
also a flat front. Moreover, for each non-umbilic point p ∈ M2, there is a unique
t(p) ∈ R so that ft(p) is not an immersion at p (see Remark 2.11 for details). Then
the singular locus (or equivalently, the set of focal points) is the image of the map
Cf : M
2 \ {umbilic points} ∋ p 7−→ ft(p) ∈ H3,
which is called the caustic (or focal surface) of f . Roitman [R] pointed out that Cf
is a flat p-front, and gave a holomorphic representation formula for such caustics.
We remark that caustics of flat surfaces in R3 and the 3-sphere S3 are also flat.
However, the caustics of complete flat fronts are not fronts in general, as the unit
normal vector field of Cf might not extend globally. Moreover, they might not be
complete, since the singular set may accumulate at the ends; they instead satisfy
the weaker condition weak completeness. The purpose of this paper is to give a
broader framework for flat surfaces in H3 that contains the caustics and gives
characterizations of them.
After giving preliminaries in Section 2, in Section 3 we define the notion “weak
completeness” of fronts. There we also define f to be of finite type if the hermitian
part of the first fundamental form with respect to the complex structure induced
by the second fundamental form has finite total curvature, and then prove:
Theorem A. A complete flat front is weakly complete and of finite type. Con-
versely, if f : M2 → H3 is a weakly complete flat front of finite type, then there
exists a finite set of real numbers t1, . . . , tn such that ft : M
2 → H3 is a complete
flat front for all t ∈ R \ {t1, . . . , tn}.
Section 5 is a study of p-fronts, where we prove that any non-co-orientable p-
front is the projection of a doubly-covering front, and we prove Theorem B. For a
regular surface, orientability and co-orientability are the same notion, but this is
not so for p-fronts, as this theorem shows.
Theorem B. Any flat p-front is orientable.
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This is an important property of flat surfaces in H3, because, there do in fact
exist flat Mo¨bius bands in R3 and S3. (For S3 this is a deep fact, since such a front
in S3 can be of class C∞, but is never Cω , see Ga´lvez and Mira [GM1].)
Section 6 summarizes properties of caustics. In Section 7, we investigate ends
of the caustic Cf of a given flat front f . The ends of Cf come from the umbilic
points or the ends of f , called U -ends and E-ends of Cf , respectively. Calling an
end regular if the two hyperbolic Gauss maps have at most poles at the end, we
prove:
Theorem C. For a non-totally-umbilic flat front f : M2 → H3, the following
assertions are equivalent:
(1) M2 is biholomorphic to M
2 \ {p1, . . . , pn} for some compact Riemann sur-
face M
2
containing the points pj, and f is a weakly complete flat front, all
of whose ends are regular.
(2) The caustic Cf is a weakly complete p-front of finite type, all of whose ends
are regular.
Remark. 1) The asymptotic behavior of weakly complete regular ends will be
treated in the forthcoming [KRUY]. 2) Generic singularities of flat fronts in H3
consist of cuspidal edges and swallowtails [KRSUY]. But although cone-like sin-
gularities of fronts are not generic, they are still important. Several remarkable
results on flat surfaces with cone-like singularities were recently given by Ga´lvez
and Mira [GM2]. 3) A differential geometric viewpoint of fronts was given in [SUY],
where “singular curvature” on cuspidal edges was introduced. Cuspidal edges on
flat fronts in H3 have negative singular curvature [SUY, Theorem 3.1].
We also provide new examples, in addition to known examples, showing that the
results here are not vacuous. We characterize the known flat fronts of revolution
and peach fronts in terms of their caustics, in Section 6. In Section 4, we prove
the general existence of complete flat fronts with given orders of ends on arbitrary
Riemann surfaces of finite topology, and in particular give explicit data for examples
of genus k with 4k + 1 embedded ends for all k ≥ 1. Also, in Section 5, we give an
example of a weakly complete p-front that is not the caustic of any flat front.
Acknowledgement. The third and fourth authors thank A. J. Ga´lvez, A. Mart´ınez
and P. Mira for fruitful discussions at Granada University. The authors also thank
the referee for a very careful reading.
2. Preliminaries
Let L4 be the Minkowski 4-space with the inner product 〈 , 〉 of signature
(−,+,+,+). The hyperbolic 3-space H3 is considered as the upper-half compo-
nent of the two-sheeted hyperboloid in L4 with metric induced by 〈 , 〉. Identifying
L4 with the set of 2× 2-hermitian matrices Herm(2), we have
L4 ∋ (x0, x1, x2, x3)↔
(
x0 + x3 x1 + ix2
x1 − ix2 x0 − x3
)
∈ Herm(2),
H3 = {x = (x0, x1, x2, x3) ∈ L4 ; 〈x, x〉 = −1, x0 > 0}
= {X ∈ Herm(2) ; detX = 1, traceX > 0}
= {aa∗ ; a ∈ SL(2,C)} = SL(2,C)/ SU(2),
where a∗ = ta¯. The Lie group SL(2,C) acts isometrically on H3 via
(2.1) X 7−→ aXa∗ (a ∈ SL(2,C), X ∈ H3 ⊂ Herm(2)).
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In fact, the identity component of the isometry group of H3 can be identified with
PSL(2,C) = SL(2,C)/{± id}.
Let M2 be an oriented 2-manifold, and let
f : M2 −→ H3 = SL(2,C)/ SU(2)
be a front with Legendrian lift (see [KUY2])
Lf : M
2 −→ T ∗1H3 = SL(2,C)/U(1).
Identifying T ∗1H
3 with T1H
3, we can write Lf = (f, ν), where ν(p) is a unit vector
in Tf(p)H
3 such that 〈df(p), ν(p)〉 = 0 for each p ∈ M2. We call ν a unit normal
vector field of the front f .
Suppose that f is flat, then there is a (unique) complex structure on M2, called
the canonical complex structure, that is (conformally) compatible with the second
fundamental form wherever it is definite, and a holomorphic Legendrian immersion
(2.2) Ef : M˜2 −→ SL(2,C)
such that f and Lf are projections of Ef , where π : M˜2 →M2 is the universal cover
of M2. Here, holomorphic Legendrian map means that E−1f dEf is off-diagonal (see
[GMM], [KUY1], [KUY2]). The map f and its unit normal vector field ν are
(2.3) f = EfE∗f , ν = Efe3E∗f , e3 =
(
1 0
0 −1
)
.
If we set
(2.4) E−1f dEf =
(
0 θ
ω 0
)
,
the first and second fundamental forms ds2 and dh2 are given by
(2.5)
ds2 = |ω + θ¯|2 = Q+Q + (|ω|2 + |θ|2), Q = ωθ ,
dh2 = |θ|2 − |ω|2
for holomorphic 1-forms ω and θ defined on M˜2, with |ω| and |θ| defined on M2
itself. We call ω and θ the canonical forms of the front f (or the Legendrian
immersion Ef ). The holomorphic 2-differential Q appearing in the (2, 0)-part of ds2
is defined onM2, and is called the Hopf differential of f . By definition, the umbilic
points of f equal the zeros of Q. Defining a meromorphic function on M˜2 by
(2.6) ρ = θ/ω ,
then |ρ| : M2 → R+ ∪ {0,∞} (R+ = {r ∈ R ; r > 0}) is defined, and p ∈ M2 is a
singular point of f if and only if |ρ(p)| = 1.
We note that the (1, 1)-part of the first fundamental form
(2.7) ds21,1 = |ω|2 + |θ|2
is positive definite onM2, and 2ds21,1 coincides with the Sasakian metric’s pull-back
on the unit cotangent bundle T ∗1H
3 by the Legendrian lift Lf of f (which is the
sum of the first and third fundamental forms in this case, see Section 2 of [KUY2]
for details). The two hyperbolic Gauss maps are
G =
A
C
, G∗ =
B
D
, where Ef =
(
A B
C D
)
.
Geometrically, G and G∗ represent the intersection points in the ideal boundary
∂H3 = C ∪{∞} of H3 for the two oppositely-oriented normal geodesics emanating
from f . The transformation Ef 7→ aEf by a = (aij)i,j=1,2 ∈ SL(2,C) induces the
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rigid motion f 7→ afa∗ as in (2.1), and G and G∗ then change by the Mo¨bius
transformation:
(2.8) G 7→ a ⋆ G = a11G+ a12
a21G+ a22
, G∗ 7→ a ⋆ G∗ = a11G∗ + a12
a21G∗ + a22
.
Remark 2.1 (The interchangeability of ω and θ). The canonical forms (ω, θ) have
the U(1)-ambiguity (ω, θ) 7→ (eisω, e−isθ) (s ∈ R) which corresponds to
(2.9) Ef 7−→ Ef
(
eis/2 0
0 e−is/2
)
.
For a second ambiguity, defining the dual E♮f of Ef by
E♮f = Ef
(
0 i
i 0
)
,
then E♮f is also Legendrian with f = E♮fE♮f
∗
. The hyperbolic Gauss maps G♮, G♮∗
and canonical forms ω♮, θ♮ of E♮f satisfy
G♮ = G∗, G
♮
∗
= G, ω♮ = θ and θ♮ = ω.
Namely, the operation ♮ interchanges the roles of ω and θ and also of G and G∗.
The following fact holds (see [KUY2] for fronts and [GMM] for the regular case):
Fact 2.2. Let ω, θ be holomorphic 1-forms on a simply-connected Riemann surface
M2 with |ω|2 + |θ|2 positive definite. Solving the ordinary differential equation
E−1dE =
(
0 θ
ω 0
)
, E(z0) =
(
1 0
0 1
)
gives a holomorphic Legendrian immersion of M2 into SL(2,C), where z0 ∈M2 is
a base point, and its projection into H3 is a flat front with canonical forms (ω, θ).
Remark 2.3. If |ω|2 + |θ|2 vanishes at a point p ∈ M2, then p is called a branch
point of f . At such a branch point, f is not a front, but the unit normal vector
field still extends smoothly across p, so f can be considered as a frontal map.
Remark 2.4. Considering H3 as the hyperboloid in L4, the parallel front ft of f is
as in (1.1). As pointed out in [GMM] and [KUY2],
(2.10) Eft = Ef
(
et/2 0
0 e−t/2
)
.
Then the canonical forms ωt, θt and the function ρt = θt/ωt of ft are written as
(2.11) ωt = e
tω, θt = e
−tθ and ρt = e
−2tρ.
Fact 2.5 ([KUY1]). For an arbitrary pair (G,ω) of a non-constant meromorphic
function G and a non-zero meromorphic 1-form ω on M2, the meromorphic map
(2.12) E =
(
A dA/ω
C dC/ω
) (
C = i
√
ω
dG
, A = GC
)
is a meromorphic Legendrian curve in PSL(2,C) whose hyperbolic Gauss map and
canonical form are G and ω, respectively. Conversely, if E is a meromorphic Legen-
drian curve in PSL(2,C) defined on M2 with non-constant hyperbolic Gauss map
G and non-zero canonical form ω, then E is as in (2.12).
Remark 2.6. The E in (2.12) has a sign ambiguity, due to the square root of
one meromorphic function. So E is not defined in SL(2,C), but rather only in
PSL(2,C).
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Fact 2.7 ([KUY1]). Let G and G∗ be non-constant meromorphic functions on a
Riemann surface M2 such that G(p) 6= G∗(p) for all p ∈M2. Assume that∫
γ
dG
G−G∗ ∈ iR
for every loop γ on M2. Set
(2.13) ξ(z) = c · exp
∫ z
z0
dG
G−G∗ ,
where z0 ∈M2 is a base point and c ∈ C \ {0} is an arbitrary constant. Then
(2.14) E =
(
G/ξ ξG∗/(G−G∗)
1/ξ ξ/(G−G∗)
)
is a non-constant meromorphic Legendrian curve defined on M˜2 in PSL(2,C) whose
hyperbolic Gauss maps are G and G∗, and the projection f = EE∗ is single-valued
on M2. Moreover, f is a front if and only if G and G∗ have no common branch
points. Conversely, any non-totally-umbilic flat front can be constructed this way.
Remark 2.8. In [KUY2, Theorem 2.11], we assumed that all poles of dG/(G−G∗)
are of order 1. This condition is satisfied automatically since G(p) 6= G∗(p) for all
p ∈M2.
If we write the constant c in (2.13) as c = e−(t+is)/2 (t, s ∈ R), s corresponds
to the U(1)-ambiguity (2.9) and t corresponds to the parallel family (2.10). The
canonical forms ω, θ and Hopf differential Q of f in Fact 2.7 are written as
(2.15) ω = − 1
ξ2
dG, θ =
ξ2
(G−G∗)2 dG∗, Q =
−dGdG∗
(G−G∗)2 .
Let z be a local complex coordinate on M2 and write ω = ωˆ dz and θ = θˆ dz.
Then we have the following identities (see [KUY2]):
ωˆ′
ωˆ
=
G′′
G′
− 2 G
′
G−G∗ ,
θˆ′
θˆ
=
G′′
∗
G′
∗
− 2 G
′
∗
G∗ −G,(2.16)
s(ω) = 2Q+ S(G), s(θ) = 2Q+ S(G∗),(2.17)
where ′ = d/dz, and S(G) is the Schwarzian derivative of G with respect to z as in
(2.18) S(G) =
{(
G′′
G′
)
′
− 1
2
(
G′′
G′
)2}
dz2,
and s(ω) is the Schwarzian derivative of the integral of ω, that is,
(2.19) s(ω) = S(ϕ) =
{(
ωˆ′
ωˆ
)
′
− 1
2
(
ωˆ′
ωˆ
)2}
dz2
(
ϕ(z) =
∫ z
z0
ω
)
.
Note that although the Schwarzian derivative depends on the choice of local coor-
dinates, the difference S(G) − S(G∗) does not. If G expands as G(z) = a + b(z −
p)m + o
(
(z − p)m), b 6= 0, m ∈ Z+, where o((z − p)m) denotes higher order terms,
then
(2.20) S(G) =
1
(z − p)2
(
1−m2
2
+ o(1)
)
dz2.
Similarly, if a meromorphic 1-form ω = ωˆ dz has an expansion
(2.21) ωˆ(z) = c(z − p)µ(1 + o(1)) (c 6= 0, µ ∈ R),
then we have
(2.22) s(ω) =
1
(z − p)2
(
−µ(µ+ 2)
2
+ o(1)
)
dz2.
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Conversely, if ω satisfies (2.22), it expands as in (2.21). For later use, we define the
order of a metric defined on a punctured disc.
Definition 2.9 ([T]). A conformal metric dσ2 on the punctured disc D∗ = {z ∈
C ; 0 < |z| < 1} is of finite order if there exist a c > 0 and µ ∈ R so that dσ2 is
locally expressed as
dσ2 = c|z|2µ(1 + o(1)) |dz|2 .
We define the order ord0 dσ
2 of dσ2 at the origin to be µ.
Finally, we give the following proposition on our definition of flat fronts:
Proposition 2.10. Let f : M2 → H3 be a front such that the regular set is open
and dense in M2. Then the following two conditions are equivalent.
(1) For each point p ∈M2, there exists a real number t0 such that p is a regular
point of the parallel surface ft0 and the Gaussian curvature of ft0 vanishes.
(2) The Gaussian curvature vanishes on the regular set of f .
The first condition is in fact the definition of flat fronts.
Proof. If f satisfies (1), then ft is also a flat front for each t ∈ R. (See [KUY2].)
Thus (1) implies (2) obviously. Next, we suppose f satisfies (2). It suffices to
discuss under the assumption that p is a singular point of f . Note that f has a
smooth unit normal vector field ν like as in the case of an immersion. Now we
shall show that the parallel front ft is an immersion at p for sufficiently small t.
First, we consider the case that df vanishes at p. Since f is a front, ν : U → L4
is an immersion and so ft gives an immersion at p for all t 6= 0. Next we consider
the case that the kernel of df at p is one dimensional, and take a non-vanishing
vector η ∈ TpM2 such that df(η) = 0. Then we can take a local coordinate system
(U ;u, v) centered at p such that ∂/∂u = η. Since fu := df(∂/∂u) = 0, we have
(2.23) 0 = 〈fu, νv〉 = −〈fuv, ν〉 = 〈fv, νu〉 ,
where 〈 , 〉 is the canonical Lorentzian metric on L4. Since f is a front and fu = 0,
we have fv 6= 0 and νu 6= 0. Then (2.23) implies that fv and νu are linearly inde-
pendent. Then by (1.1), ft is an immersion at p for sufficiently small t. (Moreover,
ft is an immersion for t ∈ R except for only one value. See Remark 2.11 below.)
Let Kt be the Gaussian curvature of ft (t 6= 0) near p. Suppose that Kt0(p) 6= 0
for a sufficiently small t0. Then any point q near p satisfiesKt0(q) 6= 0. On the other
hand, since the regular set of f is dense in M2, there exists a point q sufficiently
near p such that the Gaussian curvature of f vanishes around q. Then Kt vanishes
as long as q is a regular point of ft, and we have Kt0(q) = 0, a contradiction. Thus
we have Kt0(p) = 0, which implies (1). 
Remark 2.11. Let f : M2 → H3 be a front and p ∈ M2 a regular point. Let λj
(j = 1, 2) be the principal curvatures of f at p. Then, the parallel front ft has a
singularity at p if and only if λ1 = coth t or λ2 = coth t. Suppose now that f is flat
and p is a non-umbilical point. Since λ1λ2 = 1, we may assume that λ1 < 1 < λ2.
Then p is a singular point of ft only when λ2 = coth t, and such a t is uniquely
determined.
3. Completeness and weak completeness
Let f : M2 → H3 be a flat front. We say that f is complete if there exists a
symmetric 2-tensor field T with compact support so that the sum T + ds2 is a
complete Riemannian metric on M2 (cf. [KUY1]). (Because this metric is required
to be Riemannian, if the singular set accumulates at some end of f , then, by
definition, f is not complete.) We say that f is weakly complete if the (1, 1)-part
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ds21,1 = |ω|2+|θ|2 in (2.7) of the induced metric is complete and Riemannian onM2.
Since ds21,1 is proportional to the pullback of the Sasakian metric, this definition of
weak completeness is analogous to the notion of completeness in Melko and Sterling
[MS] for constant negative curvature surfaces in R3.
We say that a flat front f is of finite type if ds21,1 has finite total curvature. A
2-manifold M2 is said to have finite topology if there exist a compact 2-manifold
M
2
and finitely many points p1, . . . , pn ∈ M2 such that M2 is homeomorphic to
M
2 \ {p1, . . . , pn}. A small neighborhood Uj of a puncture point pj , or even just
the puncture point pj itself, is called an end of f . An end pj is complete, resp.
weakly complete, if ds2, resp. ds21,1, is complete at pj.
Proposition 3.1. A complete flat front is weakly complete and of finite type.
Proof. Let f : M2 → H3 be a complete flat front, then f is weakly complete by
[KUY2, Corollary 3.4]. We now show that ds21,1 for f has finite total curvature: By
[KUY2, Lemma 3.3], M2 is biholomorphic to M
2 \ {p1, . . . , pn} for some compact
Riemann surface M
2
. By completeness, there exist neighborhoods Uj of each pj so
that Uj \ {pj} contains no singularities. Hence [GMM, Lemma 2] implies
(3.1) ω = zµω0, θ = z
νθ0 (µ, ν ∈ R),
where z is a local coordinate with z(pj) = 0, and ω0, θ0 are single-valued holomor-
phic 1-forms on Uj which are nonzero at pj . Thus, the order of ds
2
1,1 at pj is finite
(see Definition 2.9). Recalling the formula (cf. [F], [S])
(3.2)
1
2π
∫
M2
(−Kds2
1,1
)dA = −χ(M2) +
n∑
j=1
ordpj ds
2
1,1,
whereKds2
1,1
and dA denote the Gaussian curvature and area element of (M2, ds21,1),
and χ(M
2
) the Euler number ofM
2
, we see that ds21,1 has finite total curvature. 
Proposition 3.2. When f : M2 → H3 is a weakly complete flat front of finite type,
(1) M2 is biholomorphic to M
2 \ {p1, . . . , pn}, for some compact Riemann sur-
face M
2
and finitely many points p1, . . . , pn ∈M2,
(2) ds21,1 has finite order at each pj, and the canonical 1-forms ω, θ are of finite
order, and
(3) Q is a meromorphic differential on M
2
.
Proof. (1): By Huber’s theorem, M2 is diffeomorphic to M
2 \ {p1, . . . , pn} since
ds21,1 is complete with finite total curvature. In fact, they can be biholomorphic, as
the Gaussian curvature of ds21,1 satisfiesKds21,1 ≤ 0 ((3.5) below implies Kds21,1 ≤ 0).
(2): We shall show that each of |ω|2, |θ|2 has finite order at pj. Take a local
coordinate z such that z(pj) = 0. Since |ω|, |θ| are both single-valued on M2, there
exist real numbers µ, ν ∈ [0, 1) such that ω ◦ τ = e2πi µω and θ ◦ τ = e2πi νθ for the
deck transformation τ associated to a loop wrapped once about pj . Thus
(3.3) ω = zµω0 and θ = z
νθ0,
where ω0, θ0 are single-valued holomorphic 1-forms on a punctured neighborhood
D∗(ε) = {0 < |z| < ε}. The function ρ in (2.6) can be written as
(3.4) ρ =
θ
ω
= zµ−ν
θ0
ω0
= zµ−νρ0 ,
where ρ0 = θ0/ω0 is a single-valued holomorphic function on D
∗(ε).
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First, we show that ρ0 has at most a pole at z = 0, that is, not an essential
singularity. Consider a constant mean curvature 1 surface
f1 : D˜∗(ε) −→ H3
of the universal cover D˜∗(ε) into H3 with Weierstrass data (g1, ω1) = (ρ, ωˆ
2 dz),
where ω = ωˆ dz (see [UY]). Since the induced metric ds21 by f1 and ds
2
1,1 are
ds21 = h
2 |dz|2, ds21,1 = h |dz|2, h = (1 + |ρ|2)|ωˆ|2,
ds21,1 is positive definite, so f1 is an immersion. Also,
(3.5) Kds2
1
dAds2
1
= 2Kds2
1,1
dAds2
1,1
,
holds, where Kds2
1
(resp. Kds2
1,1
) and dAds2
1
(resp. dAds2
1,1
) are the Gaussian cur-
vature and area element with respect to the metric ds21 (resp. ds
2
1,1). The induced
metric ds21 is well-defined on D
∗(ε), because |ω| and |θ| are single-valued. Since f
is of finite type, the total curvature∫
D∗(ε)
Kds2
1
dAds2
1
is finite. Then [Br, Proposition 4] implies ρ0 in (3.4) has at most a pole at z = 0.
So if ω0 in (3.3) has at most a pole at z = 0, the same is true of θ0 and (2) will be
proven. Taking the dual as in Remark 2.1 if need be, we may assume |ρ(0)| < ∞.
In a sufficiently small neighborhood of z = 0, we have
ds21,1 = (1 + |ρ|2)|ω|2 ≤ k1|ω|2 = k1|z|2µ|ω0|2 ≤ k2|ω0|2
for some constants k1, k2 > 0, since µ ∈ [0, 1). Completeness of ds21,1 implies k2|ω0|2
is also complete at z = 0. Hence, ω0 has at most a pole at z = 0 ([O, Lemma 9.6]).
(3): Since Q = ωθ, assertion (3) is immediate from the proof of (2). 
Propositions 3.1 and 3.2 yield:
Theorem 3.3. A flat front f : M2 → H3 is complete if and only if
(1) f is weakly complete and of finite type, and
(2) the set of singularities, denoted by Σf ⊂M2, is compact.
Proof. Proposition 3.1 shows that completeness implies (1), (2). Now suppose (1),
(2) hold. Proposition 3.2 implies M2 is biholomorphic to M
2 \ {p1, . . . , pn}, and
that f ’s canonical 1-forms ω, θ are of finite order. Since |ω| and |θ| are well-defined,
ω and θ are in the form (3.1), and at least one of |ω|2, |θ|2 is complete, at any pj .
If |ρ(pj)| = 1 for ρ = θ/ω at some pj , then ρ would be locally holomorphic at pj
and (2) would not hold, so |ρ(pj)| 6= 1 at every pj . To prove completeness of f , we
must show ds2 = |ω + θ¯|2 is complete at all pj. Without loss of generality, we may
assume ordpj |θ|2 ≥ ordpj |ω|2, so |ω|2 is complete at pj . So
ds2 = |ω + θ¯|2 ≥
∣∣|ω| − |θ|∣∣2 = |ω|2∣∣1− |ρ|∣∣2.
Since |ρ(pj)| 6∈ {1,∞}, it follows that ds2 is complete at pj . 
Proposition 3.1 and the following theorem prove the introduction’s Theorem A.
Theorem 3.4. Let f be a weakly complete flat front of finite type, with n ends.
Then the parallel fronts ft of f are complete except for at most n values of t.
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Figure 2. A peach front (Example 3.7) on the left, and a genus 1
complete front with 5 embedded ends in the middle (Example 4.6)
with its caustic on the right.
Proof. By Theorem 3.3, we need only show compactness of the set of singularities
Σ(t) of ft away from at most n values of t. Since f is weakly complete and of finite
type, we can set M2 = M
2 \ {p1, . . . , pn} for some compact Riemann surface M2,
and ω, θ are both of finite order at each pj , by Proposition 3.2. Then the function
|ρ| =
∣∣∣∣ θω
∣∣∣∣ :M2 −→ R+ ∪ {0,∞}
is well-defined and continuous. The closure of the singular set Σ(t) in M
2
is
Σ(t) = {p ∈M2 ; |ρ(p)| = e2t}.
Thus Σ(t) is compact when {p1, . . . , pn} ∩ Σ(t) is empty. Let {pj1 , . . . , pjm} be
the subset of ends such that |ρ(pjk)| 6= 0,∞. Taking the unique tjk ∈ R so that
pjk ∈ Σ(tjk) for each k, i.e. |ρ(pjl)| = exp(2tjk), Σ(t) is compact for any t ∈
R \ {tj1 , . . . , tjm}. 
Definition 3.5. Let f : M
2 \ {p1, . . . , pn} → H3 be a weakly complete flat front,
and (U, z) a complex coordinate of M
2
with z(pj) = 0. Suppose that all ends are
regular , i.e. G and G∗ have at most poles at p1, . . . , pn, and that both G and G∗
are non-constant. By a suitable motion in H3, we may assume G and G∗ have no
poles at pj. Then we have, with m,m∗ ∈ Z+,
(3.6) G(z) = a+ bzm + o(zm) and G∗(z) = a∗ + b∗z
m∗ + o(zm∗),
where a, a∗ ∈ C, b, b∗ ∈ C \ {0} and o(zm) and o(zm∗) are higher order terms. We
set
rpj (G) = m, rpj (G∗) = m∗
to be the ramification numbers of G and G∗ at pj , respectively. Moreover, we define
the multiplicity of f at the end pj to be
m(f, pj) = min{m,m∗}
(
= min{rpj (G), rpj (G∗)}
)
.
If f is complete at an end p, m(f, p) = 1 if and only if the end p is properly
embedded [KUY2]. Roughly speaking, the multiplicity of a complete end is the
winding number of a slice of the end (see [KRUY]). We have the following:
Proposition 3.6. Let f : M
2 \ {p1, . . . , pn} → H3 be a weakly complete flat front
whose ends are all regular. If Q has at most a simple pole at an end pj, then |ω|2
and |θ|2 have finite orders at pj and the following identity holds:
(3.7) m(f, pj) = min
{∣∣1 + ordpj |ω|2∣∣, ∣∣1 + ordpj |θ|2∣∣} .
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Proof. Using a complex coordinate z with z(pj) = 0, assume G and G∗ expand as
in (3.6). As Q has at most a simple pole at pj , (2.17) and (2.20) give
s(ω) =
1
z2
(
1−m2
2
+ o(1)
)
dz2, s(θ) =
1
z2
(
1−m2
∗
2
+ o(1)
)
dz2.
So, by Section 2, |ω|2 and |θ|2 are of finite order (and well defined) at pj. Thus ω
and θ are of the form in (3.1), and
µ = ordpj |ω|2 = ±m− 1, µ∗ = ordpj |θ|2 = ±m∗ − 1.
Hence m(f, pj) = min{m,m∗} = min {|µ+ 1|, |µ∗ + 1|} satisfies (3.7). 
Next, we give a weakly complete example that is neither complete nor of finite
type.
Example 3.7 (The peach front in [KUY2]). Let b ∈ C be a non-vanishing complex
number. We define rational functions on C ∪ {∞} by
G = z, G∗ = z − b.
By Fact 2.7, we get a holomorphic Legendrian curve
E =

z
c
e−z/b
c
b
(z − b)ez/b
1
c
e−z/b
c
b
ez/b

with
ω = − 1
c2
e−2z/b dz, θ =
c2
b2
e2z/b dz, ds21,1 = |ω|2 + |θ|2 ≥
2
|b|2 |dz|
2,
which implies that f = EE∗ is a weakly complete flat front in H3, called a peach
front. As the singular set of f given by |θ| = |ω| accumulates at z =∞ for all c, f
and its parallel fronts are all not complete. By Theorem 3.4, f is not of finite type.
As we will see in Section 6, the peach fronts are characterized by the property that
their caustics are horospheres. Figure 2 shows the peach front for b = c = 1.
4. Examples
Let M2 be a Riemann surface and dσ2 a flat metric compatible to the confor-
mal structure of M2 (we call dσ2 a “flat conformal metric”). Then there exists a
developing map (as a holomorphic map)
ϕ : M˜2 −→ R2 = C
such that dσ2 is the pull-back of the canonical metric of R2, where π : M˜2 → M2
is the universal cover of M2. The differential dϕ is a holomorphic 1-form on M˜2,
and
(4.1) dσ2 = |dϕ|2.
Such a 1-form dϕ is determined up to multiplication by a unit complex number.
We call dϕ the associated 1-form of the metric dσ2.
For example, a flat front f : M2 → H3 without umbilics gives two flat conformal
metrics |ω|2 and |θ|2 globally defined on M2, with associated 1-forms ω and θ. (At
an umbilic point q of f , one of ω and θ will vanish, see (2.5). So one of the metrics
|ω|2 or |θ|2 will degenerate at q.)
To construct examples, we introduce the following result.
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Theorem 4.1. Let M2 be a Riemann surface and |ω|2 be a flat conformal metric
onM2 with associated 1-form ω. Let G be a meromorphic function onM2. Suppose
that dσ2 = |ω|2 + |θ|2 is a smooth and positive definite metric on M2, where
(4.2) θ =
Q
ω
, Q =
s(ω)− S(G)
2
.
Then the map f = EE∗ : M2 → H3 given by (2.12) gives a flat front with canonical
forms ω and θ, Hopf differential Q, and G as one of its hyperbolic Gauss maps.
Theorem 4.1 follows directly from Fact 2.5 and (2.17). Moreover, we have:
Proposition 4.2. In the situation of Theorem 4.1, suppose also that M2 is biholo-
morphic to M
2 \ {p1, . . . , pn}, for some compact Riemann surface M2. Then each
end pj of f is weakly complete if pj is a pole of Q of order 2.
Proof. If Q = ωθ has a pole of order 2 at pj , we have
ordpj |ω|2 + ordpj |θ|2 = −2.
Thus min{ordpj |ω|2, ordpj |θ|2} ≤ −1 and ds21,1 is complete. 
Here we construct higher genus flat fronts with regular ends, for which the ends
might not be embedded. We begin with the following result, due to Troyanov:
Fact 4.3. Let M
2
be a compact Riemann surface with p1, . . . , pn ∈ M2, and let
µ1, . . . , µn be real numbers which satisfy
χ(M
2
) +
n∑
j=1
µj = 0.
Then there exists a flat conformal (positive definite) metric dσ2 on M2 = M
2 \
{p1, . . . , pn} such that ordpj dσ2 = µj for each j = 1, . . . , n. Such a metric is
unique up to homothety.
This fact is proved in [T] for µj > −1, but the same argument works for any real
numbers µj . For the metric dσ
2 in Fact 4.3, the formal sum µ1p1 + · · · + µnpn is
called the singular divisor of dσ2. With it, we can prove the following:
Theorem 4.4. Given any compact Riemann surfaceM
2
and meromorphic function
G on M
2
with branch points p1, . . . , pn, there exists a complete flat front f : M
2 \
{p1, . . . , pn} → H3 with all ends pj regular and with hyperbolic Gauss map G.
Proof. By a suitable motion in H3, we may assume G has no poles at p1, . . . , pn.
Let mj be the ramification number of G at pj (see Definition 3.5). We can choose
an n-tuple of real numbers µ1, . . . , µn such that µj 6= ±mj − 1 (j = 1, . . . , n) and
χ(M
2
) +
n∑
j=1
µj = 0 .
By Fact 4.3, there exists a flat conformal metric dσ2 on M2 = M
2 \ {p1, . . . , pn}
with singular divisor µ1p1 + · · ·+ µnpn. Then we can write dσ2 = |ω|2 where ω is
a holomorphic 1-form on M˜2, see (4.1). By Theorem 4.1 we can construct a flat
front f : M˜2 → H3 from the data (G,ω). Moreover, since |ω| is well-defined onM2,
any given deck transformation of M2 changes ω to eiβω for some β ∈ R. Hence f
is single-valued on M2 by (2.12), that is, f : M2 → H3. Since µj 6= ±mj − 1, Q
has a pole of order 2 at each pj , by (2.17). Then by Proposition 4.2, f is weakly
complete at pj . Then, since ordpj |ω|2 and ordpj Q are finite, ordpj |θ|2 is as well, so
f is of finite type. Then by Theorem 3.4, there exist infinitely many complete flat
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fronts in the parallel family of f , all with hyperbolic Gauss map G. Since G has no
essential singularity, each pj is a regular end (see Proposition 5.6 below). 
Remark 4.5. Let M
2
be a genus k hyperelliptic Riemann surface with associ-
ated meromorphic function G : M
2 → C ∪ {∞} of degree 2 having branch points
p1, . . . , pn (n = 2k + 2). Take a suitable integer m and reals ν1, . . . , νm < −1 so
that
χ(M
2
) + n+
m∑
j=1
νj = 0.
Choosing points q1, . . . , qm ∈M2 \{p1, . . . , pn}, there exists a flat conformal metric
dσ2 = |ω|2 whose divisor is
m∑
j=1
νjqj +
n∑
l=1
pl.
Then the flat front constructed from (G,ω) is well-defined on
M2 =M
2 \ {p1, . . . , pn, q1, . . . , qm}.
Moreover, each qj is a regular end (see Proposition 5.6), and since G does not
branch at qj , it is a properly embedded end (Proposition 3.12 of [KUY2]). Then,
since ordpl |ω|2 = 1 and pl is a branch point of G with multiplicity 1, (2.20),
(2.22) and (2.17) yield that Q has at most a simple pole at pl. So we expect that
generically Q has a simple pole at each pl. Hence ordpl |θ|2 = −2 and Proposition
3.6 gives m(f, pl) = 1, implying that pl is an embedded end. Thus we can expect
the existence of many higher genus flat fronts with embedded ends. If m = 1,
such an f might have genus k with 2k + 3 embedded ends (one end from q1 and
2k + 2 ends from the pl). In fact, when k = 1 such an example is given explicitly
in [KUY2]. So the next natural question is:
Problem. Is there a complete flat front in H3 of genus k ≥ 1 with 2k+2 embedded
ends?
Even when k = 1, no such examples are known; the problem was raised in [KUY2,
Remark 3.17] for k = 1. The following examples are related to this problem.
Example 4.6. We construct flat fronts of genus k ≥ 1 with 4k + 1 embedded ends,
which are canonical generalizations of the 5-ended genus 1 fronts in [KUY2]. Choose
a polynomial ϕ(z) so that
(a) ϕ(z) = z2k + a1z
k−1 + · · ·+ ak−1z + ak, where a1 6= 0, ak 6= 0, and
(b) ϕ(z) has only simple roots, and
(c) (zϕ(z))′ = ϕ(z) + zϕ′(z) also has only simple roots.
Consider the genus k hyperelliptic Riemann surface defined by w2 = zϕ(z). Set
(4.3) G = w, G∗ =
h
w
, where h = h(z) =
1
2k + 1
(
2kzϕ(z)− z2ϕ′(z)).
Then we have
(4.4)
dG
G−G∗ =
GdG
G2 −G∗G =
ϕ(z) + zϕ′(z)
2(zϕ(z)− h(z)) =
(2k + 1) dz
2z
.
Clearly G is of degree 2k+1. Since h/w has only simple poles and only at the zeros
of ϕ(z), G∗ has degree 2k. Thus degG+ degG∗ = 4k + 1. By (4.4),
(4.5) ξ = exp
∫
dG
G−G∗ = z
(2k+1)/2
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has only purely imaginary monodromy. Moreover, (4.3) implies
(4.6) G−G∗ = 1
w
(w2 − h) = z
(2k + 1)w
(ϕ+ zϕ′).
So applying Fact 2.7, we get a flat front
f : M2 = M
2 \ {(z, w) ; z(ϕ(z) + zϕ′(z)) = 0} −→ H3.
By (4.6), f has exactly 4k+1 ends, since the ends are the zeros of z
(
ϕ(z)+zϕ′(z)
)
.
Note that z = ∞ is not an end, since G(∞) = ∞ and G∗(∞) = 0. By (4.5) and
(2.15), one canonical 1-form is ω = −z−(2k+1)dG, and f could have been made
using Fact 2.5 as well, with this ω. As
dG∗ =
h′w − hw′
w2
dz =
h′w2 − hww′
w3
dz =
h′zϕ− h(zϕ)′/2
w3
dz,
we have by (4.6), (4.4) and (2.15) that
Q = −2k + 1
2z
· zh
′ϕ− h(zϕ)′/2
w2(w2 − h) dz
2 = − (2k + 1)
2
2
· h
′ϕ− (h/z)(zϕ)′/2
zw2 (ϕ+ zϕ′)
dz2.
Here, dz/w has no poles and zeros at the zeros of w. Since ak 6= 0, the origin z = 0
is a pole of order 2 of Q, and thus it is a weakly complete end, by Proposition 4.2.
On the other hand, Q has simple poles at the other ends. However, ω has zeros
at the ends other than z = 0, by (4.4). Hence the orders of |θ|2 are less than −1
at such ends, and then they are weakly complete. Any branch point of G in M
2
must be a zero of (zϕ)′, and thus must be an end of f , so G has no branch points
on M2 \ {z = ∞}. Moreover a1ak 6= 0 implies that G∗ does not branch at z = ∞
and z = 0. Thus f has no branch points anywhere on M2, by Theorem 2.9 of
[KUY2]. Since f is weakly complete and of finite type, there exist infinitely many
complete fronts in the parallel family of f , by Theorem 3.4. By equality of the
Osserman-type inequality ([KUY2, Theorem 3.13]), all the ends of f are properly
embedded.
Finally, we shall show that ϕ(z) = z2k−2czk−1−1 satisfies the above conditions
(b), (c) for a suitable c ∈ R. When k = 1 and c = 0, f is just the example in
[KUY2, Example 4.6]. When k ≥ 2, we set c = k/(k − 1). Then
ϕ′(z) = 2kzk−2
(
zk+1 − 1).
Let p 6= 0 be a zero of ϕ′(z), so pk+1 = 1 and p2ϕ(p) = 1 − p2 − 2k/(k − 1). If
ϕ(p) = 0, then p2 = (1+ k)/(1− k) and |p| 6= 1. So ϕ(z) has no double roots. Now
(zϕ)′′ = 2kzk−2((2k + 1)zk+1 − k).
Let q 6= 0 be a zero of (zϕ)′′. Then we have qk+1 = k/(2k + 1). Hence |q|2 =(
k/(2k + 1)
)2/(k+1)
is not a rational number. On the other hand,
q2(zϕ)′|z=q = (2k + 1)
(
k
2k + 1
)2
− 2k
2
k − 1 ·
k
2k + 1
− q2.
If (zϕ)′|z=q = 0, we have q2 = k2(1 + k)/((2k + 1)(1 − k)) ∈ Q, a contradiction.
Thus both ϕ and (zϕ)′ have only simple roots, and ϕ(z) satisfies conditions (b),
(c).
5. p-fronts
Now we consider flat p-fronts, starting with a proof of Theorem B.
Theorem B. Let f : M2 → H3 be a flat p-front, then M2 is orientable.
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Figure 3. A genus 2 flat front with 10 embedded ends, coming
from a variant of the approach in Example 4.6. It is defined on
the closed Riemann surface M
2
= {(z, w) ∈ (C ∪ {∞})2 ; w2 =
z(z2 − 1)(z2 − 9/4)} with 10 points removed, and with data G =
w and G∗ = (5w − 2z(dw/dz))/5. Because G and G∗ have no
common branch points, the surface is a front with embedded ends.
The portion shown here is the image of one sheet in M
2
over the
quadrant {z ∈ C∪{∞} ; Re z ≥ 0, Im z ≥ 0} in the z-plane, and is
one-eighth of the full surface. The planar boundary curves of this
portion lie in planes of reflective symmetry of the full surface. The
four ends appearing in the boundary of this portion are marked
with black dots.
As noted in the introduction, the other space formsR3 and S3 admit flat Mo¨bius
bands (see Ga´lvez and Mira [GM1]). So Theorem B is special to H3. Kitagawa
[Ki] proved the orientability of compact flat surfaces in S3.
Proof of Theorem B. As f is a p-front, for any p ∈M2 there exists a neighborhood
Up ⊂M2 of p such that f |Up is a front. We may assume that Up is simply connected.
Then as noted in Section 2, there exists a unique complex structure on Up such that
both hyperbolic Gauss maps G and G∗ are meromorphic.
Since f |Up is a front, at least one of G or G∗ is not branched at p, by Theorem
2.9 of [KUY2]. Without loss of generality, we may assume G and G∗ are finite at
p. Choosing Up sufficiently small, we have a local complex coordinate z = G|Up or
z = G∗|Up on Up at each point p ∈ M2. Since G ◦G−1 and G∗ ◦G−1∗ are identity
maps and either G ◦ G−1
∗
or G∗ ◦ G−1 is well-defined and holomorphic on Up for
each p ∈ M2, the transition function on Up ∩ Uq for two distinct points p and q is
always holomorphic. So we can extend this local complex structure on Up to all of
M2. 
When we consider a flat p-front, we always regardM2 as a Riemann surface with
the complex structure given in the proof of Theorem B. Note that co-orientability
is defined in the introduction.
Theorem 5.1. Let f : M2 → H3 be a non-co-orientable flat p-front with universal
cover π : M˜2 →M2. Then there exists a Legendrian immersion
Ef : M˜2 −→ SL(2,C)
and a covering transformation τ : M˜2 → M˜2 such that
Ef ◦ τ = Ef
(
0 i
i 0
)
(= E♮f ).
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Figure 4. The p-front in Example 3.7 that is not globally a
caustic on the left, and the caustic with dihedral cross Z2 sym-
metry for the fronts produced by G = z3 and G∗ = z
−5 and
M2 = C \ {z ; z8 = 1} on the right.
We call this Ef the adjusted lift of the p-front f . Conversely, if a lift Ef satisfies
Ef ◦ τ = E♮f for some covering transformation τ , f = EfE∗f = E♮f(E♮f )∗ is non-co-
orientable.
Proof of Theorem 5.1. Take a holomorphic Legendrian lift E0 : M˜2 → SL(2,C) of
f ; it is determined up to right-multiplication by a matrix in SU(2). We now change
E0 to an adjusted lift. The flat front f˜ = E0E∗0 : M˜2 → H3 satisfies f ◦ π = f˜ .
The unit normal vector of f˜ is ν˜ = E0e3E∗0 , by (2.3). If p1, p2 ∈ π−1(p), then
ν˜(p1) = ±ν˜(p2). So there exists a (unique) representation δ : π1(M2)→ {±1} such
that
ν˜ ◦ T = δ(T )ν˜ (T ∈ π1(M2)),
where the fundamental group π1(M
2) is identified with the covering transformation
group. Since f is non-co-orientable, δ is surjective. Letting Mˇ2 = M˜2/Ker δ with
associated nontrivial covering involution σ on Mˇ2, νˇ = E0e3E∗0 is single-valued on
Mˇ2, so fˇ = E0E∗0 : Mˇ2 → H3 is a flat front because its unit normal vector νˇ is well-
defined, and νˇ ◦ σ = −νˇ. Since M˜2 is universal, there exists a lift τ : M˜2 → M˜2 of
σ. As τ is holomorphic and E0E∗0 = (E0 ◦ τ)(E0 ◦ τ)∗, there exists an SU(2)-matrix
R =
(
p −q¯
q p¯
)
(|p|2 + |q|2 = 1)
such that E0 ◦ τ = E0R. Since νˇ ◦ σ = −νˇ, we have E0e3E∗0 = −E0Re3R∗E∗0 , so
Re3R
∗ = −e3, implying p = 0. Thus
Ef = E0a, where a =
(√
i/q 0
0
√
i/q
)
,
satisfies f = EfE∗f and Ef ◦ τ = E♮f . 
Corollary 5.2. Let f : M2 → H3 be a non-co-orientable flat p-front. Then there is
a double cover πˇ : Mˇ2 →M2 such that fˇ = f ◦ πˇ : Mˇ2 → H3 is a front. Moreover,
there exists a covering transformation τ : Mˇ2 → Mˇ2 with fˇ ◦ τ = fˇ satisfying
Gˇ ◦ τ = Gˇ∗, Gˇ∗ ◦ τ = Gˇ, ωˇ ◦ τ = θˇ, θˇ ◦ τ = ωˇ and Qˇ ◦ τ = Qˇ,
where Gˇ = G ◦ πˇ and Gˇ∗, ωˇ, θˇ, Qˇ are defined similarly.
Thus, for a p-front, the Hopf differentialQ and ds21,1 = |ω|2+|θ|2 are well-defined.
Definition 5.3. A non-co-orientable flat p-front f is called complete (resp. weakly
complete, finite type) if its double cover fˇ as in Corollary 5.2 is complete (resp.
weakly complete, finite type).
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Proposition 5.4. Let f : M2 → H3 be a flat p-front. The following hold:
(1) If f is complete, then it is weakly complete and of finite type.
(2) If f is weakly complete and of finite type, there exists a compact Riemann
surface M
2
such that M2 is biholomorphic to M
2 \{p1, . . . , pn}, for finitely
many distinct points p1, . . . , pn in M
2
. Moreover, ds21,1 has finite order at
p1, . . . , pn and Q extends to a meromorphic 2-differential on M
2
.
Proof. (1) follows immediately from Proposition 3.1. To show (2),M2 is biholomor-
phic toM
2\{p1, . . . , pn} by Huber’s theorem, just as in the proof of Proposition 3.2.
We will call the points {p1, . . . , pn} the ends of f (Definition 5.5). Suppose an end pj
is co-orientable, that is, the restriction of f to a sufficiently small punctured neigh-
borhood of pj is co-orientable (see Definition 5.8). Then Proposition 3.2 implies ω,
θ have finite order at pj, and Q is meromorphic there. If pj is not co-orientable, we
take a punctured neighborhood U∗j of pj, and let Uˇ
∗
j be its double cover. Lifting
f |U∗
j
to fˇ : Uˇ∗j → H3, fˇ is now a weakly complete co-orientable end of finite type.
Its canonical 1-forms ωˇ, θˇ are of finite order, and dsˇ21,1 = |ωˇ|2 + |θˇ|2 is complete
and of finite order, and its Hopf differential Qˇ extends meromorphically across the
puncture of Uˇ∗j , by Proposition 3.2. Noting that dsˇ
2
1,1 is actually well defined on
U∗j and equals ds
2
1,1 there, and that Qˇ projects to the Hopf differential of f |U∗j on
U∗j , the proof is completed. 
To observe the behavior of ends of p-fronts, we review properties of regular ends
of fronts:
Definition 5.5. A p-front f : M2 → H3 is said to be of finite topology if there exists a
compact Riemann surfaceM
2
such that M2 is homeomorphic to M
2 \{p1, . . . , pn}.
Such points p1, . . . , pn are called the ends of f .
An end of a weakly complete flat p-front of finite topology is said to be of
puncture-type if it is biholomorphic to a punctured disk, and to be annular if it is
biholomorphic to an annulus {z ; r1 < |z| < r2}, 0 < r1 < r2 <∞.
A puncture-type end p of a weakly complete flat front is said to be regular if
both G, G∗ have at most poles at p, and to be irregular otherwise.
For a weakly complete flat p-front, a puncture-type end p is said to be regular if
the corresponding end pˇ of fˇ is regular, and to be irregular otherwise.
Proposition 5.6. For an end p of a flat front of finite type, the following conditions
are equivalent:
(1) The end p is regular.
(2) One of G, G∗ has at most a pole at p.
(3) The Hopf differential Q has at most a pole of order 2 at p.
Proof. This was proven in [GMM, Theorem 4] for complete ends. Reading that
proof carefully, one sees that it applies to flat fronts of finite type as well. 
Proposition 5.7. Let f : M2 = M
2 \ {p1, . . . , pn} → H3 be a weakly complete flat
front whose ends are all regular. Then f is of finite type if and only if the Hopf
differential has at most a pole of order 2 at each end.
Proof. One direction follows from Proposition 5.6, so we prove the other direction
here. Choose an end pj . By (2.22), ω and θ have finite order at pj if and only if s(ω)
and s(θ) have at most poles of order 2. Since G, G∗ are meromorphic at pj, S(G)
and S(G∗) have at most poles of order 2. Then (2.17) implies that ordpj Q ≥ −2 if
and only if s(ω) and s(θ) have at most poles of order 2. 
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Definition 5.8. For a weakly complete flat p-front f : M
2 \ {p1, . . . , pn} → H3, an
end pj is called co-orientable if the restriction of f to a sufficiently small punctured
neighborhood of pj is co-orientable, and is otherwise called non-co-orientable.
A co-orientable regular end p of a flat p-front f can be considered as a regular end
of a flat front, and we have already defined its multiplicity m(f, p) (Definition 3.5).
We also now define the multiplicity of a non-co-orientable end. Let
f : D∗(ε) = {z ; 0 < |z| < ε} −→ H3
be a non-co-orientable end at p. Then there exists a lift (as a p-front) fˇ : Dˇ∗(ε)→
H3 of f , where Dˇ∗(ε) is the double covering of D∗(ε). We set
(5.1) m(f, p) = m(fˇ , pˇ)/2
and call it the multiplicity of the end p of f . Thus we have defined the multiplicity
of any regular end of a weakly complete p-front, taking its value in 12Z. Let
f : M2 → H3 be a weakly complete flat front with regular ends. If f is co-orientable,
the hyperbolic Gauss maps G, G∗ of f are single-valued on M
2 and we set
degGf = degG+ degG∗,
which we call the total degree of the Gauss maps of f . When f is non-co-orientable,
there exists a lift fˇ : Mˇ2 → H3 of f , where Mˇ2 double covers M2, and we set
deg Gf = (deg Gfˇ )/2 .
It follows from [KUY2, Theorem 3.13] that
(5.2) deg Gf ≥ #{non-co-orientable ends}/2 + #{co-orientable ends}
for a weakly complete flat p-front of finite type whose ends are all regular. When
f is complete, equality implies all ends are properly embedded. We note that com-
plete ends are automatically co-orientable: Suppose a complete end p of a p-front
f : M2 → H3 is non-co-orientable. Take the double cover Mˇ2, the lift fˇ : Mˇ2 → H3
and a complex coordinate z of Mˇ2 around the (unique) lift pˇ of p ∈ M2 with
z(pˇ) = 0. Since pˇ is also a complete end, fˇ is of finite type and the canonical forms
are written as
ωˇ = czµ
(
1 + o(1)
)
dz and θˇ = c∗z
µ∗
(
1 + o(1)
)
dz,
where c, c∗ are non-zero constants and µ, µ∗ ∈ R. Here, by Corollary 5.2, we have
|c| = |c∗| and µ = µ∗. Hence we have |ρˇ| = |θˇ/ωˇ| = 1+ o(1), which implies that the
singular set of fˇ accumulates at pˇ, contradicting that pˇ is a complete end.
Example 5.9 (Weakly complete p-fronts with 3 ends). This example is of interest,
because it is neither a front nor globally a caustic (see Remark 6.8). Set
G =
z2 + zb
z + b
and G∗ =
z2 − zb
b− z (b ∈ R \ {0,±1})
which are defined on the Riemann surface Mˇ2 = C \ {0,±1}. Then Fact 2.7 gives
a flat front fˇb : Mˇ
2 → H3 with hyperbolic Gauss maps G and G∗. We also have
ξ = c · exp
∫
dG
G−G∗ = c
√
z
z + b
(z − 1)(1−b)/2(z + 1)(1+b)/2,
ω = −c−2(z2 + 2bz + 1)z−1(z − 1)b−1(z + 1)−b−1 dz,
θ = −c2(z2 − 2bz + 1)z−1(z − 1)−b−1(z + 1)b−1 dz/4.
Now we set c =
√
2. Then ω ◦ τ = θ holds, where τ : Mˇ2 ∋ z 7→ −z ∈ Mˇ2. Then
Efb ◦ τ = E
♮
fb
, and hence we have a well-defined flat p-front
fb : M
2 = (Mˇ2/ ∼) −→ H3
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where z1 ∼ z2 if and only if z2 = ±z1. The three ends of fb are at z = 0 and
z =∞ and z = ±1. The ends at z = 0, z =∞ are non-co-orientable, and the end
at z = ±1 is co-orientable. fb satisfies equality in (5.2).
6. Caustics
Roitman [R] showed that the caustic Cf (or focal surface) of a flat surface f is
also flat, and gave a representation for Cf in terms of f . In [KRSUY, Section 5],
Roitman’s representation is described in the terminology below: Let f : M2 → H3
be a flat front with hyperbolic Gauss maps G,G∗. Let q1, . . . , qm ∈ M2 be the
umbilic points of f . Then we can choose a single-valued square root
β =
√
dG/dG∗
defined on the universal cover M˜c of Mc =M
2 \ {q1, . . . , qm}. The caustic Cf is
Cf = EcEc∗ : Mc −→ H3 ,
Ec =
√
i√
2β(G−G∗)
(
G+ βG∗ i (G− βG∗)
1 + β i (1− β)
)(√
i 0
0 1/
√
i
)
∈ PSL(2,C) ,(6.1)
where
√
i = eπi/4. Note that Ec ∈ PSL(2,C) because of the sign ambiguity of√
2β(G−G∗). The SU(2)-matrix diag(
√
i, 1/
√
i) in Equation (6.1) is not essential,
and is included only so that Ec changes to E♮c when β changes to −β, i.e. so that Ec
becomes an adjusted lift. The hyperbolic Gauss maps Gc, Gc∗ and the canonical
forms ωc, θc of the caustic Cf are
(6.2) (Gc, Gc∗) =
(
G+ βG∗
1 + β
,
G− βG∗
1− β
)
,
ωc =
1
4
{
2(β + 1)2
G−G∗ dG∗ − d log
(
dG
dG∗
)}
,(6.3)
θc =
1
4
{
2(β − 1)2
G−G∗ dG∗ − d log
(
dG
dG∗
)}
.(6.4)
These two forms can be also expressed using Q(= ωθ), ρ(= θ/ω) of the original
front f , as can the Hopf differential Qc = ωcθc of Cf :
(6.5) ωc = i
√
Q+
1
4
d log ρ, θc = −i
√
Q+
1
4
d log ρ, Qc = Q+
(
d log ρ
4
)2
,
where the sign of
√
Q is chosen so that (6.5) is compatible with (6.3) and (6.4).
Proposition 6.1. The caustic of a flat front is a p-front.
Proof. By Theorem 2.9 of [KUY2], it suffices to prove that ωc and θc have no
common zeros. Let p be an arbitrary point on the caustic. Since p is not an umbilic
point on the original front, i.e., Q(p) 6= 0, it follows from (6.5) that at least one of
ωc(p), θc(p) is not zero. 
Example 6.2 (Caustics of rotational flat fronts). Since the horosphere is totally
umbilic, it has no caustic. For other rotational examples:
(1) the caustic of a hyperbolic cylinder is a hyperbolic line,
(2) the caustic of an hourglass is also a hyperbolic line,
(3) the caustic of a snowman is a hyperbolic cylinder,
where hourglasses and snowmen are fronts of revolution with single conical singu-
larities and cuspidal edge singularities, respectively (see [KUY2, Example 4.1]). In
fact, snowmen are characterized by their caustics, as Proposition 6.3 shows:
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Proposition 6.3. Let f be a flat front with caustic Cf . Then f is locally a snowman
if and only if Cf is an open submanifold of a hyperbolic cylinder.
Proof. As seen in Example 6.2, a flat front of revolution has a hyperbolic cylinder
as its caustic if and only if it has a nonempty cuspidal edge set, so we need only
show that if Cf is a hyperbolic cylinder, then f is a surface of revolution.
Assume Cf : M
2 → H3 is a hyperbolic cylinder, so we may assume M2 is an
open subset of C \ {0} and
θc =
c2
4z
dz, ωc =
1
c2z
dz,
where c ∈ R \ {0} (see [KUY2, Example 4.1]). Then by (6.5), the Hopf differential
Q of f is
Q = −1
4
(θc − ωc)2 = −a
2
4
dz2
z2
(
a =
c2
4
− 1
c2
)
,
and the function ρ satisfies
d log ρ =
2b
z
dz, and then ρ = −kz2b
(
b =
1
c2
+
c2
4
)
,
where k 6= 0 is a constant. Thus, we compute θ = √Qρ and ω = Q/θ as
θ =
√
k
2
azb−1 dz, ω =
1
2
√
k
az−b−1 dz.
Hence f is a part of a surface of revolution. 
One can check that the caustic of a peach front (Example 3.7) is a horosphere
[R]. Peach fronts are also characterized by their caustics:
Proposition 6.4. A flat front is locally a peach front if and only if its caustic is
totally umbilic, i.e., is locally an open submanifold of a horosphere. In particular,
a peach front is the only flat front whose caustic is the horosphere.
Proof. Assume the caustic is totally umbilic, that is, Qc = 0. Taking the dual lift if
necessary, we may assume Gc is constant, and then applying a rigid motion of H
3
if necessary, we may assume Gc = 0. It follows from (6.2) that G
2/G2
∗
= dG/dG∗,
so 1/G∗ − 1/G is a constant. By a suitable motion of H3, we can change G and
G∗ to 1/G∗ and 1/G, and then G∗ = G + constant. If G branches, then G∗ also
branches, so the flat surface f produced by G and G∗ would not be a front, by
Theorem 2.9 of [KUY2]. Hence we may assume G = z is a coordinate for the front
f , proving the assertion. 
Remark 6.5. Propositions 6.3 and 6.4 show that if the caustic Cf is complete
without singularities (so is a cylinder or horosphere, see [GMM, Theorem 3]), then
the original front f must be a snowman or peach front.
Theorem 6.6. Any flat p-front is locally the caustic of some flat front.
Proof. For f : M2 → H3 a flat p-front, take any p ∈M2. Take a simply connected
neighborhood U of p, so the canonical forms ωc, θc of f are single-valued on U . Set
Qs = − 14 (ei sωc − e−i sθc)2 (s ∈ R).
Then Qs is a well-defined holomorphic 2-differential on U . If Qs(p) = 0 for all s,
then ω(p) = θ(p) = 0, a contradiction, so we can choose a real number s0 so that
Qs0(p) 6= 0. Determine ω and θ by
ωθ = Qs0 ,
θ
ω
= ρ, where ρ = ρ(z) = exp
(∫ z
z0
2(ei s0ωc + e
−i s0θc)
)
(6= 0).
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These ω, θ yield a flat front F = EE∗ by solving (2.4), and the caustic of F is f ,
up to a rigid motion of H3. 
Remark 6.7. The above proof implies that for a given p-front f , there is locally a
two parameter family of fronts Ft,s whose caustics are f . One of these parameters
is the signed-distance t of parallel fronts and the other is the s in the proof above.
Remark 6.8. The “locally” condition is necessary in Theorem 6.6, as there are
flat p-fronts that are not caustics globally. In fact, the fb : M
2 → H3 defined in
Example 5.9 is not a caustic over M2 if b 6∈ 12Z: Suppose, by way of contradiction,
that fb is a caustic of some forig : M
′ → H3. By (6.5), we have
4
√
Qorig = i
(z − 1
z + 1
)b{z2 + 2bz + 1
z(z2 − 1) −
z2 − 2bz + 1
z(z2 − 1)
(z + 1
z − 1
)2b}
dz.
It follows that Qorig is not well-defined at z = 0 if b 6∈ 12Z, contradicting that forig
is well-defined. Hence the class of p-fronts is strictly larger than the class of flat
fronts and their caustics.
7. Ends of Caustics
First, we recall the properties of regular ends from [GMM] and [KRUY]. Recall
that if the meromorphic 2-differential Q on M
2
expands as
Q = zk {q0 + q1z + o(z)} dz2 (q0 6= 0)
in a complex coordinate z at a point p ∈M2 with z(p) = 0, the integer k is called
the order of Q at p and is denoted ordpQ. If k = −2, the number q0 is independent
of the choice of coordinate system. We call q0 the top term coefficient of Q at p.
Definition 7.1. A weakly complete regular end p of finite type is cylindrical if ω
and θ have the same order at p, i.e., ordp |ω|2 = ordp |θ|2. A complete regular end
is
(1) horospherical if ordpQ ≥ −1,
(2) of hourglass-type if it is non-cylindrical with ordpQ = −2 and positive top
term coefficient of Q,
(3) of snowman-type if it is non-cylindrical with ordpQ = −2 and negative top
term coefficient of Q.
The hyperbolic cylinder, horosphere, hourglass and snowman ([KUY2, Exam-
ple 4.1]) are typical examples of such ends, respectively.
Fact 7.2 ([GMM, KRUY]). A complete end of finite type is an asymptotic cov-
ering of a hyperbolic cylinder, horosphere, hourglass or snowman when the end is
cylindrical, horospherical, of hourglass-type or of snowman-type, respectively.
Let f : M2 → H3 be a weakly complete flat front with a regular end p. We define
(7.1) α(p) =
{
(dG/dG∗)(p) if
∣∣(dG/dG∗)(p)∣∣ ≤ ∣∣(dG∗/dG)(p)∣∣,
(dG∗/dG)(p) if
∣∣(dG/dG∗)(p)∣∣ > ∣∣(dG∗/dG)(p)∣∣.
This number is called the ratio of the Gauss maps at the end p. The value of α
plays an important role in criteria for the shape of regular ends:
Proposition 7.3. Let p be a weakly complete regular end of a flat front f . Then
α(p) is contained in [−1, 1], and is independent of rigid motions of H3. Moreover,
p is
(1) not of finite type if and only if α(p) = 1,
(2) horospherical if and only if α(p) = 0,
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Figure 5. Classification of weakly complete regular ends.
(3) of snowman-type if and only if α(p) > 0 and α(p) 6= 1,
(4) of hourglass-type if and only if α(p) < 0 and α(p) 6= −1,
(5) cylindrical if and only if α(p) = −1.
In particular, the end p is complete if α(p) 6= ±1.
Proof. Since the proof of Lemma 3.10 of [KUY2, page 165] is still valid for incom-
plete or non-finite-type regular ends, that is, G(p) = G∗(p) holds at any regular
end p, (2.8) implies (dG/dG∗)(p) is invariant under rigid motions of H
3.
By definition, α is invariant under the operation in Remark 2.1, so exchanging
G and G∗ and applying a rigid motion of H
3 if necessary, we can take a complex
coordinate z such that z(p) = 0 and
(7.2) G∗ = z
m, G = azm+l
(
1 + o(1)
)
,
where m ≥ 1 and l ≥ 0 are integers and a ∈ C \ {0}.
Then ξ in (2.13) is given as
(7.3) ξ = c exp
∫ z
z0
−a(m+ l)zl−1
1− azl + o(zl) dz (c ∈ C \ {0})
and the Hopf differential is calculated by (2.15) as
(7.4) Q = −m(m+ l)az
l−2
(
1 + o(1)
)(
1− azl + o(zl))2 dz2.
If l ≥ 1, then dG/dG∗ = 0 at p, that is α(p) = 0. In this case, ord0Q ≥ −1
because of (7.4). Hence p is a horospherical end. Conversely, ord0Q ≥ −1 implies
l ≥ 1.
Next, suppose l = 0 and a = 1. In this case, α(p) = 1 and (7.3) implies that ξ
has an essential singularity at z = 0. Then by (2.15), ω has an essential singularity
at 0, which implies that p is not a finite type end. Conversely, p not of finite type
will similarly imply l = 0 and a = 1.
Finally, we assume l = 0 and a 6= 1. By the period condition in Fact 2.7 and
(7.3), we have a ∈ R, which implies α(p) ∈ R. Moreover, exchanging G and G∗
and rechoosing z if necessary, we may assume
(7.5) α(p) =
dG
dG∗
∣∣∣∣
z=p
= a ∈ [−1, 0) ∪ (0, 1).
In this case, (7.4) implies ord0Q = −2. Hence the end 0 is cylindrical if and only
if ord0 |ω|2 = −1. Substituting (7.3) with l = 0, a = α(p) into the first equation of
(2.15), we have
ω = zm
1+α
1−α
−1
(
b+ o(1)
)
dz (b ∈ C \ {0}).
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Hence the end 0 is cylindrical if and only if α(p) = −1. Otherwise, the top term
coefficient of Q at 0 is obtained as q0 = −α(p)m2/
(
1 − α(p))2. So we have the
conclusion. 
From here on out, we study the ends of caustics Cf , which arise from the umbilic
points and ends of f . In the former case, we call them U-ends, and in the latter
case, we call them E-ends. We consider U-ends first:
Theorem 7.4 (Properties of U-ends). Let f : M2 → H3 be a non-totally-umbilic
flat front and let p be a point in M2. Let Cf be the caustic of f .
(1) If p is an umbilic point of f , then p is a regular end of Cf with multiplicity
m(Cf , p) = (ordpQ)/2.
In particular, p is non-co-orientable if and only if ordpQ is odd. Moreover,
p is a cylindrical end of finite type, and the singular set of Cf accumulates
at p. However, the end p of Cf cannot be an end of a cylinder itself.
(2) Conversely, if p is an end of Cf , then it is an umbilic point of f .
Proof. (1) Taking a rigid motion of H3, if necessary, we may assume G(p), G∗(p)
are both finite. Since p ∈M2 is not an end, G(p) and G∗(p) do not coincide. Thus,
(7.6) (G−G∗) (p) 6= 0, ∞.
Since p is an umbilic point, we have Q(p) = 0. It follows from (2.15) and (7.6) that
dGdG∗|p = 0. Therefore, at least one of dG|p and dG∗|p is zero. We may assume
that dG|p = 0 (if necessary, we take the dual E♮ instead of E). Then dG∗|p 6= 0,
because Gf = (G,G∗) is an immersion (Theorem 2.9 of [KUY2]).
Using another rigid motion of H3, if necessary, we can take a local coordinate z
centered at p, i.e. z(p) = 0, such that
(7.7) G∗(z) = z.
With this coordinate z, the hyperbolic Gauss map G expands as
(7.8) G(z) = a0 + amz
m + am+1z
m+1 + · · · (a0, am 6= 0),
where m ≥ 2. We remark that ordpQ = m− 1, and dG/dG∗ is computed as
(7.9) dG/dG∗ = mamz
m−1h(z) (h(0) = 1),
where h(z) is holomorphic in z. In particular, (dG/dG∗)(0) = 0. It follows from
(6.2), (7.7), (7.8), (7.9) that Gc(p) = Gc∗(p) (= G(p)), so p is an end of Cf . Then
(6.2), (7.7), (7.8) imply Gc and Gc∗ are meromorphic at p (on the double cover of
a neighborhood of p), so p is a regular end of Cf . In particular, substituting (7.7),
(7.8), (7.9) into (6.2), we have
Gc = a0 − a0√mamz(m−1)/2h1(z) + o
(
z(m−1)/2
)
,
Gc∗ = a0 + a0
√
mamz
(m−1)/2h1(z) + o
(
z(m−1)/2
)
,
where h1(z) is a holomorphic function in z such that h1
2 = h, with o(z(m−1)/2)
denoting higher order terms. The multiplicity of the end p is
m(Cf , p) =
1
2 (m− 1) = 12 ordpQ.
It follows from (6.3), (7.9) that
(7.10) 4ωc =
2(β + 1)2
G−G∗ dz − (m− 1)
dz
z
− h
′
h
dz =
1
z
(
1−m+ o(1))dz.
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Similarly, by (6.4), (7.9),
(7.11) 4θc =
1
z
(
1−m+ o(1))dz.
Hence, ordp |ωc|2 = ordp |θc|2 = −1. This implies that p is a weakly complete
cylindrical end of finite type. Moreover,
ρc =
θc
ωc
=
m− 1 + o(1)
m− 1 + o(1) ,
in particular, ρc(p) = 1. So the singular set {|ρc| = 1} accumulates at p.
Finally, we show that p is not an end of a hyperbolic cylinder. Suppose, by way
of contradiction, that p is an end of revolution, so θc = kωc for some k ∈ C, in a
neighborhood Up of p. Comparing the coefficients of 1/z in (7.10) and (7.11), k is
necessarily +1 and θc = ωc. Then (6.3), (6.4) give dG/dG∗ = 0 on Up, contradicting
(7.9).
(2) Suppose now p ∈M2 is an end of Cf , that is, Gc(p) = Gc∗(p). Without loss
of generality, we may assume G(p) 6=∞, G∗(p) 6=∞ and G(p) 6= G∗(p). Then (6.2)
gives (dG/dG∗)(p) = 0 or∞, so one of dG, dG∗ is zero at p, and so p is umbilic. 
Remark 7.5. The claim in Theorem 7.4 that p is a non-co-orientable end of Cf
if and only if ordpQ is odd follows in this way: The end p is non-co-orientable
if and only if the deck transformation associated to a once-wrapped loop about p
switches ωc and θc with respect to a local adjusted lift, by Corollary 5.2. Then
non-co-orientability is equivalent to ordpQ being odd, by (6.5).
We shall next consider E-ends. To avoid confusion, we denote by (f ; p) the end
p of f , and by (Cf ; p) the end p of Cf .
Suppose that the multiplicity of the end (f ; p) is m, i.e., m(f, p) = m ∈ Z+.
Without loss of generality, we may assume that G(p) = G∗(p) = 0, and that
rp(G∗) = m, rp(G) = m+k, where k is a non-negative integer. There exists a local
coordinate z centered at p such that
(7.12) G∗(z) = z
m.
With this coordinate z, G expands, with h(0) = am+k 6= 0, as
(7.13) G(z) = am+kz
m+k + am+k+1z
m+k+1 + · · · = zm+kh(z) .
The case of “k > 0” or “k = 0 with am 6= 1” in (7.13). By (2.15), we have
Q = − mz
k−2h1(z)
(zkh(z)− 1)2 dz
2,
where h1(z) = (m+k)h(z)+zh
′(z). Since h1(0) = (m+k)h(0) = (m+k)am+k 6= 0,
(7.14) ordpQ = k − 2 ≥ −2.
We can also compute that
(7.15)
dG
dG∗
=
1
m
zkh1(z).
The equations (6.2), (7.15) yield
Gc(z) =
z(2m+k)/2
{√
mzk/2h+
√
h1
}
√
m+ zk/2
√
h1
, Gc∗(z) =
z(2m+k)/2
{√
mzk/2h−√h1
}
√
m− zk/2√h1
.
Therefore, rp(Gc) = rp(Gc∗) = m+ (k/2). It follows from (7.14) that
m(Cf , p) = m+ (k/2) = (1/2) ordpQ+m+ 1.
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The equations (6.3), (6.4) and (7.15) yield
4ωc =
(
1
z
{
2(zk/2
√
h1 +
√
m)2
zkh− 1 − k
}
− h
′
1
h1
)
dz,(7.16)
4θc =
(
1
z
{
2(zk/2
√
h1 −
√
m)2
zkh− 1 − k
}
− h
′
1
h1
)
dz.(7.17)
These imply that ordp |ωc|2 = ordp |θc|2 = −1, hence (Cf ; p) is a cylindrical end of
finite type. Moreover, by (7.16), (7.17), we can prove
lim
z→0
θc
ωc
=

1 if k > 0,(√
am − 1√
am + 1
)2
if k = 0, am 6= 1.
Thus, the singularities of Cf accumulate at p (i.e., limz→0 |θc/ωc| = 1) if and only
if k > 0 or k = 0 with negative real number am.
The case of “k = 0 with am = 1” in (7.13). Now G is written as
G(z) = zm + alz
l + al+1z
l+1 + · · · = zm + alzl + o(zl) ,
where l > m, al 6= 0, and o(·) denotes higher order terms in z. One easily gets
ordpQ = 2(m− 1)− 2l = 2(m− l − 1) ≤ −4.
In particular, ordpQ is an even number. On the other hand,
(7.18)
dG
dG∗
=
mzm−1 + lalz
l−1 + · · ·
mzm−1
= 1 +
l
m
alz
l−m + o(zl−m),
(7.19) β =
√
dG
dG∗
= 1 +
l
2m
alz
l−m + o(zl−m).
Then (6.2), (7.19) yield
Gc(z) = z
m (1 + o(1)) , Gc∗(z) = z
m
(
l − 2m
l
+ o(1)
)
.
Hence, regardless of whether l = 2m or l 6= 2m, it follows that min{rp(Gc), rp(Gc∗)} =
m. Therefore we have, for any l, that
m(Cf , p) = m .
Next, we investigate ωc, θc around p. It follows from (7.18) that
d log
(
dG
dG∗
)
=
(
l(l−m)
m
alz
l−m−1 + o(zl−m−1)
)
dz.
Then by (6.3), (6.4) and (7.19), we have
4θc = z
l−m−1
(
l(2m− l)
2m
al + o(1)
)
dz, 4ωc = z
m−l−1
(
8m
al
+ o(1)
)
dz.
Hence
ordp |ωc|2 = m− l − 1 and ordp |θc|2
{
= l −m− 1 if l 6= 2m
> l −m− 1 = m− 1 if l = 2m ,
so ordp |θc|2 ≥ 0, ordp |ωc|2 ≤ −2. Hence (Cf ; p) is a non-cylindrical end of finite
type.
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Summary of the above argument. Under the situation above,
• Assume that k > 0, or k = 0 with am 6= 1. Then
(i) ordpQ = k − 2 ≥ −2,
(ii) m(Cf , p) =
1
2 ordpQ+m+ 1,
(iii) (Cf ; p) is a cylindrical end of finite type,
(iv) the singularities of Cf accumulate at p if and only if k > 0, or k = 0
with am < 0.
• Assume that k = 0 with am = 1. Then
(i) ordpQ = 2(m− l− 1) ≤ −4,
(ii) m(Cf , p) = m,
(iii) (Cf ; p) is a non-cylindrical end of finite type,
(iv) the singularities of Cf do not accumulate at p.
Using Fact 7.3 and Remark 7.5, we can restate these conclusions as:
Theorem 7.6 (Properties of E-ends). Let f : M2 → H3 be a non-totally-umbilic
weakly complete flat front, with a regular end p (see Definition 5.5). Then p is also
a weakly complete regular end of Cf . Moreover:
• If ordpQ ≥ −2, then the end (Cf ; p) has multiplicity m(Cf , p) = 12 ordpQ+
m(f, p) + 1, and (Cf ; p) is non-co-orientable if and only if ordpQ is odd.
Moreover, (Cf ; p) is a cylindrical end of finite type. The singularities of Cf
do not accumulate at p if and only if (f ; p) is of snowman-type.
• If ordpQ < −2, then ordpQ ≤ −4 and is necessarily an even integer, and
the end (Cf ; p) has multiplicity m(Cf , p) = m(f, p). In particular, (Cf ; p)
is co-orientable. Moreover, (Cf ; p) is a non-cylindrical end of finite type.
Finally, we prove Theorem C in the introduction.
Proof of Theorem C. (2) follows from (1) by Theorems 7.4, 7.6. We now assume
(2) and prove (1). By Proposition 5.4, the domain of Cf is biholomorphic to a
compact Riemann surface minus finitely many points, so the same holds for f as
well.
Let p be an arbitrary end of Cf . By Corollary 5.2 and Proposition 3.2 and
assumption (2), Cf lifts to a double cover on which its canonical 1-forms ωc and θc
have finite order at p. By (6.5), Q = −(ωc − θc)2/4, and ordpQ is finite. Since ωc
has finite order and Gc is meromorphic, each component of Ec has finite order at
p, by (2.12) for Cf . By (6.1), the components (Ec)ij of Ec satisfy
(
(Ec)21 + (Ec)22
)4
=
( √
2i√
(G−G∗)β
)4
= − 4Q
dG2
and
(
(Ec)21 − (Ec)22
)4
=
( √
2i
√
β√
G−G∗
)4
= − 4Q
dG2
∗
.
Therefore dG and dG∗ have finite orders at p, so G and G∗ do as well. Hence f
has a regular end at p.
Next we shall show that f is weakly complete (at any E-end p). Without loss of
generality, we may assume G(p) = G∗(p) = 0. If ordpQ ≤ −2, then
ds21,1 = |ω|2 + |θ|2 = (|ωˆ|2 + |θˆ|2)|dz|2 ≥ 2|ωˆθˆ||dz|2 = 2|Qˆ||dz|2,
where ω = ωˆ dz, θ = θˆ dz and Q = Qˆ dz2. So obviously f is weakly complete at p.
Let us consider the case ordpQ ≥ −1. Then there is a local coordinate z giving
(7.20) G∗ = z
m and G = zm+k
(
a+ o(1)
)
, (a 6= 0, k ≥ 1).
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Therefore, dG/(G−G∗) has order k − 1 at z = 0, and so is holomorphic at z = 0.
Then ξ in (2.13) is a holomorphic function which does not vanish at z = 0. This
implies that f is weakly complete at z = 0, because of (2.15) and (7.20). 
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